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Chapter 1

Variational mechanics

Our journey will begin looking into the constraints imposed on the system, this should
come as no surprise since is by the presence of such constraints that the state of the
system can be described by a reduced number of quantities rather than keeping track of
all points in the system.

Definition 1.1. Given a continuum body composed of the material points {Pi}Y |, we
define a holonomic constraint as a constraint imposed on the material points that can be
expressed as the level set of smooth function, i.e.

f(X,t) =0, (1.1)

where f : R3N x [0,00) — R is a smooth function and X = (x1,...,xy) = ®f\i1 x; C
R3N s the vector collecting the position of all the material points with respect to fized
reference frame (O, ey, ey, e3). Furthermore, we say that a holonomic constraint is a
fixed holonomic constraint or scleronomic constraint if it is independent of time, i.e.

fX;t) = f(X).

One of the interesting properties of fixed holonomic constraints is that they identify
a submanifold of R3" of admissible configurations for the system, i.e.

My = {x € R* such that f;(X) =0V1<j<M}, (1.2)

where f : R*¥ — R are the holonomic constraints imposed on the system. It’s a known
fact if differential geometry that we M is a regular surface hence we can parametrise it
locally with k := 3N — M parameters, i.e.

x:x(ql,...qﬁ):x((@qi), VX € M. (1.3)
=1

We will call qy,...q. the generalized coordinates of the system, and those are precisely
the minimal set of quantities we were looking for in order to describe the state of the
system. For brevity, we will denote @ the vector collecting the generalized coordinates
of the system, i.e.

Q=@ i
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1.1 Principal of virtual work

We now begin studying the equilibrium configuration of the system, i.e. the configuration
of the system for which the time derivative of the linear momentum vanishes. We observe
that if we start from Newton’s second law of motion we end up with the following identity

N N
Q) Fi = Q) mii; =0, (1.5)
=1 =1

where F; are the forces experience by the material point P;. The previous equation
expresses the Newtonian principle that for a body to be at rest the sum of all forces
acting on the body must vanish. We can now decouple the forces acting on the system
in two sets, the active forces F and the constraint forces ®;. These are respectively the
external forces acting on the system and the forces acting on the system in order to exert
the holonomic constraints,

N N
F9 4 & :=Q)F + QP =0. (1.6)
=1 =1

The previous equation appears to be a very complicated rephrasing of the rather obvious
principle that for a body to be at equilibrium the external forces must be counterbalanced
by the constraint forces. Yet we will see that this equation will be the starting point to
derive a variational formulation of the dynamics of many physical systems under the
following axiom

Axiom 1.1. We will assume that the constraint forces ®, corresponding to a configuration
X are orthogonal to the tangent plane to the manifold Mg at X, i.e.

M
=Y NVAX) =Vxf(X)TA, VX € My (1.7)
j=1

We can now rewrite (1.6) making use of the previous axiom, i.e.
F 4+ Vxf(x)"A =0, (1.8)

this apparently silly equation has great importance, in fact, we can decompose it into
two equations on the tangent space to the manifold M¢ at X and one on its orthogonal
complement, i.e.

F=-Vxf(x)"A,  F" =0, (1.9)

which can be expressed using the fact that {aqkfc}::l is a basis of the tangent space to
My at X, ie.

Fi = —Vxf(X)™A, ) 9, X(F“.0,X) =0. (1.10)
s=1
The first equation in (1.10) tells us that the constraint forces are uniquely determined by

the external forces and that it always exists a set of constraint forces that can counter-
balance the external forces, i.e.

A= —Vxf(X)TF", (1.11)
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The second equation tells us that the system we are considering is at equilibrium, if and
only if for any 1 < s < k the following identity holds

o '8?1 in=0 = (VoX)' F®=o. (1.12)

This last identity is known as the principle of virtual work. It might not be immediate
but we managed to derive from the Newtonian principle that states that a body is at rest
if and only if the sum, taken with respect to all the points in the system, of all active
forces and constraint forces vanishes to a principle which only considers the generalized
coordinates of the system. A particularly interesting case is when the right-hand side of
(1.12) is an exact differential, i.e.

Definition 1.2. Given a continuum body composed of the material points { P}, we de-
fine the set of active forces acting on the continuum body conservative forces or monogenic
forces if they can be expressed as the gradient of a scalar function, i.e

F = -VXV(X,t) = -VxV (X(Q),t), ¥xcR¥ (1.13)

where V : R3N x [0,00) — R is a smooth function known as the potential energy of the
system.

Under the assumption that the active forces acting on the system under consideration
are monogenic, we can express (1.12) as

(VoX) (~VxV(X(Q). 1) = ~VoV(X(Q).1) =, (1.14)

for every function X : R* — M ¢. Therefore we can rephrase the virtual work principle
as: “A continuum body is at equilibrium if and only if the first variation of the potential
energy vanishes”. If we assume that the potential energy is a smooth convex function,
with respect to @, then (1.14) is equivalent to say that a body is an equilibrium if and
only if its potential energy is minimized.

Remark 1.1. It might not be obvious at first why (1.12) is called a variational principle.
The reason is because it must hold as we vary arbitrarily x within the set of admissible
configuration, i.e. it must hold for any x : R* — M;.

Remark 1.2. [t is a well-established fact that a smooth function V : R3 — R has a
stationary point at Xo if VxV vanishes at Xo. Yet in this case we are considering VoV
rather than VxV, what is the reason behind this choice? Well, the reason is very intuitive.
The requirement V XV(XO, t) corresponds to the requirement that if I'm a stationary point
and I look to all the points infinitely close to Xy, I should not be able to find a point where
V with a value greater or smaller than V()A((],t), yet in this context, I'm only interested
in the point surrounding X, that are compatible with the constraints, i.e. X € Mg In
particular, such points are precisely the ones described by the generalized coordinates,
hence we ask VQV(XO,IS) to vanish in order for Xy and the corresponding Qg to be a
stationary point.



Remark 1.3. So far we have assumed that we are only interested in stationary points
that live in the interior of our configuration space. This has been well motivated by the
fact that we assumed our configuration space is the entire R®, hence we have no boundary,
but what happens if this is not the case? Well, things can get much more complicated, first
of all, we would have to choose a definition for the notion of the gradient of a function
evaluated at a point on the boundary, which is a non-obvious problem. Let’s say for
example that we assume enough smoothness that we can define the value of the gradient
inside of the domain and then perform a reqular extension to the boundary, the condition

VoV(Xo,t) =0, (1.15)

is not enough to guarantee that X, is a stationary point, since we lack the reversibility
property of the gradient when we are on the boundary. We will come back to this point
when we will discuss contact mechanics and in geenral problems involving variational
inequalities.

Remark 1.4. We would like to show that the same reasoning that brought us to the virtual
work principle expressed as searching for stationary points of the potential energy within
the class of admissible configurations, as pointed out in Remark 1.2, can be deduced also
from the observation that A acts as the Lagrange multiplier for the holonomic constraints.
To achieve this result we focus once again on the first equation of (1.8), and write this
identity under the assumption that we are working with monogenic forces, i.e.

Vx (V (x) — f(X)T)‘) = VxV(X) + fo(X)T)‘ =0 (1.16)

Once we realize that the first member of the previous equation is the gradient of the
Lagrange functionV = V+ fT'X, hence solving (1.8) is equivalent to looking for stationary
points of V(X) under the constraints f(X) = 0, i.e. within the manifold of admissible
solutions Mg.

1.2 D’Alembert principle

We have so far focused our attention on the equilibrium configuration of the system,
hence we focused our attention on the case when the linear moment vanishes, i.e.

N
P = Q) mii; = 0. (1.17)
=1

We now wonder what happens when this is not the case. In particular, we consider as
a starting point once again Newton’s second law applied to all the points constituting
a continuum body. In this setting Newton’s second law can be stated as the fact that
the sum of the forces acting on the system must be in equilibrium. This means that the
active forces, constraint forces and inertial forces, i.e. ®f\;1 m;;, must be at equilibrium,
ie.

N N
FO+e=QF"+X)® =P, (1.18)
=1 =1
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rearranging the previous equation we can observe that Newton’s second law suggests that
the following identity must hold

F94+®&_—P=0. (1.19)

This simple rearrangement of the terms in (1.18), suggests that we can apply the virtual
work principle considering as forces acting on the continuum body the sum of the active
forces and the inertial forces, i.e.

(Vox)" (F(“) - 7’) = 0. (1.20)

The previous equation is a mathematical formulation of the d’Alembert principle, which
states that the sum of the active forces and the inertial forces must vanish. At this
point, we might be tempted to try express the d’Alembert principle in terms of the
potential energy, as we did for the virtual work principle, in order to recast (1.19) as a
stationary point problem and express ® in terms of the Lagrange multiplier A, yet this
is not possible. In fact, while we might assume that the active forces are monogenic,
we can not assume the same for the inertial forces. There is one noticeable exception
to the usual non-monogenic nature of the inertial forces, i.e. when we are considering
fixed holonomic constraints. Let us consider ad starting point the kinetic energy of the
discrete system of particles, expressed as a function of the velocity corresponding to the
generalized coordinates, i.e.

1 N

where we have denoted q; the vector containing the generalized coordinates of the ¢-th
particle of the system. When we are considering fixed holonomic constraints, we know
that 2a,(g;) vanishes, hence we can rewrite (1.21) as

1 N

We are now interested in expressing some relevant quantities used in the d’Alembert
principle in terms of the kinetic energy, i.e.

N

I e 1
= §Zmi li(gi)[I”= 5 > m
=1

2

0 . (1.21)

afvi(fh) + (Vo) a4

x;

2

(Va,di)" g (1.22)

VoX)'P=VoT| .. (VoX)"P=VoT| 1.23
(VgX) ol g (VgX) ol o (1.23)
We can compute the material time derivative of the first identity in (1.23) to obtain,

(VoX)"P + (VoX)"P = D, (VT) (1.24)

we now substitute the previous identity in (1.20) to obtain a version of the d’Alambert
principle expressed in terms of the kinetic energy, i.e.

(VX)"F' — Dy (VoT) + (VoX)TP = (VoX)'F@ — D, (VoT) + VT =0, (1.25)
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The last equation can also be expressed component-wise and we will refer to this set of
equations as Fuler—Lagrange equations, i.e.

0
D—T——T=Y F° . V1< s<k. 1.26
"4, 8(18 2 g & =o=n (1.26)

So far we haven’t made any assumption on the nature of the active forces, but if we
assume that they are conservative, i.e. F(® = —VxV(X), we can rewrite (1.25) as

Dy (VaT) = VT — (VoX)" VX V(X) =0

Dy (VoT) = Vo (T +V) =0, (1.27)

We can introduce the Lagrangian function of the system as the difference between the
kinetic energy and the potential energy and rewrite the previous equation as

Dy (VL) =Vl =0, L=T-Y. (1.28)

Remark 1.5. When deriving the Euler—Lagrange equations we have assumed that L is a
function of both the generalized coordinates and the generalized velocities, i.e. L£(q,q), yet
we know that q and q are somehow related. The reasoning that motivates us to consider q
and q as independent variables is that when we are introducing the generalized coordinates
we essentially eliminating the dependence on time and expressing the quantities we are
interested in terms of the generalized coordinates. This is done because the space of
admissible configuration can be parametrised by the generalized coordinates, the same can
be said for the space of admissible velocities, hence we can consider q and q as independent
variables. By differentiating the constraint with respect to time and taking advantage of
the scleronomic nature of the constraint, we obtain

Vxf(X)"X =0, (1.29)

suggesting that X lives in the tangent space to the manifold of admissible configurations.
In particular, we can easily observe that,

x+z 30 ax+vaTQ, (1.30)

hence we can express all the admissible values of X varying Q arbitrarily in R* and %X
has to vanish.

Remark 1.6. An important fact to notice is that we have explicitly made use of the fact
that the active forces are conservative and only depend on the generalized coordinates and
not on the corresponding velocities. We could also have taken into consideration the case
when the active forces depend also on the generalized velocities and still obtain (1.28).
An in-depth discussion can be found in [1, Chapter 4.7].

Remark 1.7. The Euler-Lagrange equation can be rewritten to highlight its connection
with Newton’s second law, i.e.

Dy (VoT) —VQT = Dy(VgV) — VaV, (1.31)

where the left-hand side of the previous equation represents the energy connected to the
inertial forces and the right-hand side represents the active forces.



It is now time to introduce the reader to perhaps on of the most important results
in variational mechanics, i.e. the Nother principle which can be roughly stated as: “If
a Lagrangian is invariant under a transformation, then there is a corresponding quantity
that is conserved during the motion described by the Euler—Lagrange equations”. Of course
when formalizing a principle as the one previously stated we need to be more precise on
what we mean by invariant under a transformation.

Definition 1.3. We define a symmetry of a Lagrangian L a transformation
S:REXxR—=R"  Q~ S(Q,s), (1.32)
if the following requirements are satisfied:

1. The Lagrangian L is invariant under the transformation S, i.e.
L(S(Q.9),8(Q,5) = £LQ,Q), VQEeR: VscR. (1.33)
2. Zero is a fived parameter of the transformation S, i.e.
5(Q,0)=Q, VQEeR~ (1.34)
3. The transformation S is compossible in the following manner,
S(8(Q,s),s) =8(Q,s+5), VQEeR" Vs,s' €R. (1.35)

Using the previous definition of symmetry we can formalize the Nother principle in
the following theorem.

Theorem 1.1. Let L be a Lagrangian and S : R* x R — R* a symmetry of L, then the

quantity

2(Q,Q) = VoL - 9 (1.36)

Js s=0
1s conserved along any admissible motion of the system.

Proof. We begin computing the derivative of £ (8(Q, s)), S(Q, s) with respect to s and
observing that since S is a symmetry such derivative has to vanish, i.e.

0 . .0 0
L (S, S) = VQL(5.8)5- 8+ VoL(S.8)5- S = 0. (1.37)
We now consider the Euler-Lagrange equations (1.28) and multiply both sides by 0, to
obtain 9 5
Dy (VL) -=8—VoLl-=—8=0, (1.38)

0s 0s

hence we can expand the total derivative of VL - % S to obtain

0s 0s 0s

0 0



Corollary 1.1. Let £ be a Lagrangian and S : R*™ x R — R* a symmetry of L.
Furthermore let G be infinitesimal generator of the transformation S, i.e. G(Q) =
%S(Q,s) L then

d

= (vQc : G(Q)) —0, (1.40)

Remark 1.8. We can now derive the conservation of linear and angular momentum, for
a continuum rigid body, from the Nother principle, in fact it is sufficient to notice that
the Lagrangian of a rigid body has the following symmetries,

Si(q, o, s) = (q + sdq, o), Ss(q, o, 8) = (@, + sdav). (1.41)

1.3 Canonical Formalism

The Euler-Lagrange equations that we have derived in the previous section are a system
of second-order differential equations, in fact, the term D, (VQﬁ) yields in a second
order derivative with respect to time. A fairly standard technique to solve a system of k
second-order differential equations is to reduce the order of the system by introducing x
new variables and obtain a system of 2k first-order differential equations. In the particular
case of (1.28) we need to introduce as new variable the generalized momenta, i.e.

P=Q)p, pi=Vil(QQ), VI<i<k (1.42)
i=1

Remark 1.9. [t is important not to confuse P and P. In fact, while both vectors
represent in some sense the linear momentum they are not the same object.

How can we now transform the previous system of second-order differential equations
into a system of first-order differential equations involving the generalized coordinates
and the generalized momenta? To answer this question the Legendre transform comes to
our aid.

Definition 1.4. Given a proper function f : R® — R we define the Legendre-Fenchel
transform of f as the function f*:R* — R defined as

fH(@*) = sup {(z*) "z — f(x)}. (1.43)

TR~

One interesting property of the Legendre-Fenchel transform is that if f is convex
and smooth, we require f € C?(R"), then we can write an equation for the value of x
satisfying the supremum condition, i.e.

Ve (@) — f(x) =0 = a"=V,f(o), (1.44)
hence if we choose * = V, f(x) we can rewrite the Legendre-Fenchel transform as
fr@) = () 'z - f(z) (1.45)

It remains to observe that since * = V, f(x) by Dini’s theorem we can write = g(x*)
for a certain function g and thus rewrite the Legendre-Fenchel transform as a function of
x* only.
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Remark 1.10. We can think of the proper convex function f : R® — R as a function
of © and a parameter y, i.e. f(x;y), and consider the Legendre-Fenchel transform of f
with respect to x, i.e.

£(@y) = sw (@)@~ f@i)) (1.46)
reRF
where we define x* = Vy f(x;y). As before, we can apply Dini’s theorem to express the

Legendre-Fenchel transform f* in terms of ** if f is now convex in both & and y or if f
1s convex in x and doesn’t depend on y.

Now we proceed to apply the Legendre transformation to the Lagrangian £, in par-
ticular, we consider the Legendre-Fenchel transform of Q — L£(Q, Q) keeping Q fixed,
ie.

£(Q.P)= sw {Q"P - LQ.Q)}. (1.47)
QeR~
Now notice that since we wanted to reduce the order of the system of differential equations
we aimed at expressing the previous equation in terms of @ and P, P being P = VL[
so that we can rewrite the previous transformation as

£(Q.P)=P'Q-L(Q.Q) (1.48)

Definition 1.5. Gwen a convex Lagrangian L we define the corresponding Hamiltonian
as the Legendre-Fenchel transform of Q — L(Q,Q), i.e.

HQ.P) = swp {Q"P-L(Q.Q)} = P'Q-L(Q.Q). (1.49)
QcRr
where P is the generalized momentum defined as P = @Q)_, p;, with p; = V4, L£(Q, Q)

We now notice that there is a certain symmetry between the derivatives of Lagrangian
and the Hamiltonian, i.e.

Vol =-VoH =  P=-VgH, (1.50)

where the last equation comes from (1.28) using the first identity in (1.50). Furthermore,
we can easily observe that since the Legendre transformation is as involution, the proof
of this properties can be found in [1], therefore we can express Q as

VpH = Q. (1.51)

Combining (1.50) and (1.51) we obtain the following system of first-order differential
equations, ' .

Q =VpH, P =-VoH. (1.52)
The previous equations are known as Hamilton’s equations and they are equivalent to the

Euler-Lagrange equations (1.28).

Remark 1.11. Notice that in Remark 1.6 we discussed the possibility that the potential V
depends also on the generalized velocities and concluded that the Euler—Lagrange equations

(1.28) still hold. Analogously it can also be proven that the Hamiltonian equations still
hold.
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1.4 The phase space

When we introduced the generalized coordinates we did so to simplify the description
of the admissible configurations of a mechanical system, in particular, we wanted to
parametrise the admissible configurations manifold. Achieving this we have implicitly
introduced a new space, the so-called configuration space, which is the space of all the
admissible configurations of a mechanical system. In remark 1.5 we have also in-
troduced the notion of generalized velocities and observed that they can be treated as
independent variables from the generalized coordinates. We are now interested in de-
scribing the manifold of admissible configurations in terms of the generalized coordinates
and the generalized velocities, but instead of considering the generalized velocities we
will use the closely related concept of generalized momenta. The switch from generalized
velocities to generalized momenta is motivated by the fact that the generalized momenta
are the natural variables to consider when using Hamiltonian formalism.

Definition 1.6. We define the phase space of a mechanical system as the space R?*,
where k is the number of degrees of freedom of the system. Furthermore we denote the
points in the phase space as T' = Q) (qi, Pi)-

We can now think of (1.52) as describing a flow in the phase space. In the sense that
we can fix a particle (Qo, Pp) in the phase space and track its evolution in time integrating
Hamilton’s equations. In particular, we can think of the solution of Hamilton’s equations
as a motion of the phase space, i.e. ¢ : E* x [0,00) — E*.

Remark 1.12. We would like to point out that even if the phase-space is subject to
motions as a continuum body we should not think of the phase space as a continuum
body. The phase space is a mathematical abstraction that we use to describe the admissible
configurations of a mechanical system, hence we should not think of it as a physical object.
This difference between the phase space and a continuum body should be obvious if we think
about the cardinality of the points composing the two objects, in fact, the phase space is
composed of a continuous number of points while a continuum body is composed of a
countable number of points. To highlight the difference between a continuum body and the
phase space we will use the term phase continuum to refer to the idea of a phase space,
that evolves in time under the effect of a motion ¢ : E** x [0,00) — E*, as a continuum
body does.

Now that we have introduced the notion of phase space and phase continuum it’s time
to characterise the motion ¢ : E** x [0,00) — E?* that are compatible with Hamilton’s
equations. We begin observing computing the total material derivative of the Hamiltonian
as it undergoes the motion ¢, i.e.

D/H(T) = %%(r) + VrH(T)-T = VoH(T) - Q + VpH(T) - P. (1.53)
Notice that the term %’H(F) vanishes because as previously discussed the Hamiltonian
doesn’t depend explicitly on time since we are only considering fixed holonomic con-
straints. Combining (1.53) together with (1.52) we immediately see that the material
time derivative of the Hamiltonian vanishes. Hence any particle starting its motion in
the phase space on the level set H(I') = ¢ will remain on the same level set for all times.
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While this might seem a futile geometrical observation it is actually a very important
result from a physical point of view, in fact, it means that the energy of a mechanical
system is conserved along any admissible motion if the system is subject to holonomic
constraints and the kinetic energy is a homogeneous positive definite quadratic form of
the generalized velocities. In fact, if the kinetic energy is a homogeneous positive definite
quadratic form of the generalized velocities we can observe that

1. .1 .
T = 5QTATQ = anT Q. (1.54)

where A7 is a positive definite matrix. Making use of the previous identity we can rewrite
the Hamiltonian as

HT) =P'Q-L(Q.Q) = VT Q=27(Q) ~T(Q) +V(Q) = T(Q) + V(Q), (1.55)

since the sum of the kinetic energy and the potential energy of the system represents the
all energy we can conclude that if the kinetic energy is a homogeneous positive definite
quadratic form of the generalized velocities then the Hamiltonian is the total energy of
the system.

Another extremely interesting property of the phase continuum is that it is incom-
pressible, such a result takes the name of Liouwville’s theorem and it is a direct consequence

of (1.52).
Theorem 1.2. Let ¢ : E** x [0,00) — E?* be a motion of the phase continuum, with
smooth Hamiltonian H, then the velocity field v : B2 x [0, 00) — R** associated with ¢

15 incompressible, i.e. V -v =0 for all T.

Proof. We begin by computing the divergence of the velocity field v(T'), i.e.

V. -v=tr (VFI") Za g + Za 8 88. g?—[, (1.56)
q; pz Pi 04q;

it remains to observe that since we assumed the Hamiltonian is smooth we can invert
the order of differentiation of one of the two terms in the last sum and conclude that
V-v=0. O]

Let’s now go back to the concept of phase continuum and in analogy to what is usally
done for a continuum body we introduce a continuous function 7 : R** — R which
represents a distribution of particles in the phase space. We can then apply Liouville’s
theorem to prove that along the trajectory described by (1.52) the distribution = is
constant, i.e.

Corollary 1.2. Let ¢ : E* x [0,00) — E?* be a motion of the phase continuum, with
smooth Hamiltonian H, and © : R* — R a continuous distribution of particles in the
phase space, then

0
Dy = pri +Vrr-v=0 (1.57)

13



Proof. We begin considering any volume S in the phase space and observing any variation
in the mass of the volume & must be either the result of the variation of the density
7 : R?* — R or the result of the flux of particles through the boundary of S, i.e.

) )
o Sw(r) dr_/saw(r)dr_—/%J-ndr, (1.58)

where n is the normal, pointing outwards, to the manifold dS and J is the current
associated with (1.52), i.e.

J:8x[0,00) > R* T a()v(T). (1.59)

Now we observe that we can use the divergence theorem to rewrite the previous equation
as

/%W(F)dfz—/J-ndP:/Vp-JdI‘, (1.60)

S S S

since the previous equation holds for any volume S , under the assumption we are working
with smooth enough functions, we can conclude that

0
—7n()+Vr-J=0. (1.61)
ot
We are now left computing the divergence of the current J, i.e.
V[“J:V[‘W'U—FWV["’U, (162)

where the last term vanishes by virtue of Liouville’s theorem. We can then conclude that

Dym = %W(F) + Vpr-v=0. (1.63)

]
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